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In this paper a variant of Banach's contraction principle is established. By using the properties of the spectral radius of a bounded linear operator A defined in a suitable Banach space, we conclude that another operator A has exactly one fixed point in this space. In the second part of this paper some applications are given.
I. A CERTAIN VARIANT OF BANACH'S CONTRACTION PRINCIPLE
1. BANACH SPACE WITH QUASIMODULUS. Let (X, | | | | , -<, m) denote a Banach space of elements x G X, with a binary relation -< and a mapping m: X -> X. We shall assume that:
1 ° the relation -< is transitive, 2° 0 -<m(z) and ||m(x)|| = ||z|| for all x £ X, 3° the norm ||-|| is monotonic, that is, if 0 -< x -< y then ||x|| ^ ||y|| for all x, y eX. Now, returning to the proof of our theorem, we shall show that there exists a natural number A; such that the operator A is a strict contraction with respect to the norm ||-|| of the space (X, \\-\\, -<, m). Indeed, from 5° and 6° we get for all x, y G X:
and generally
On the other hand, p(A) -lim "• v /|| J 4 n || < 1, which means that there exists k e N n-»oo such that ||-4 k || < 1. For this number k, in view of (2), we have:
and consequently, in virtue of 2 c and 3 °:
Finally we get
Since ||-i4.*|| < 1> the operator A k is a strict contraction in the space (X, \\-\\, -<, m) and, by Banach's contraction principle, the equation (5) A
has a unique solution in the set X. In virtue of the lemma the equation Ax -x has a unique solution in the set X too. This completes the proof of Theorem 1.
II. SOME APPLICATIONS OF THEOREM 1
THE INTEGRAL-FUNCTIONAL EQUATION. Let X denote a set of real continuous functions on the interval [0, T]. We shall define a relation -< as follows: x -< y if and only if x{t) ^ y(t) for each t E [0, T]. Moreover, let m(x) -\x\, that is, (m(z))(t) = |s;(t)| for t £ [0, T] and ||x|| = max|x(t)|.
It is easy to see that the conditions 1° -3° are satisfied in this case.
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We shall consider the following operator: 
L(s)\x{h(s))-y(h(s))\ds
Jo and, in virtue of 7°, is satisfied.
The operator A assumes the form:
, T).

Jo
Now we can formulate the following: 
CALCULATION OF THE SPECTRAL RADIUS OF OPERATOR (8). Let
A n denote the nth iteration of operator (8). Then we get the following formula: M. Zima [6] THEOREM 3 . Let the conditions 9° -10° be satisfied. If hi(t) < t for t € [0, T], i = l , 2 , ..., r and max{Z r +i(<)} < 1 (hen the problem (14) has exactly one solution [0,T] in the set of continuous functions on [0, T] .
PROOF: Let us notice that the problem (13) Since L r +i < 1, by virtue of Theorem 1, the operator (15) has exactly one fixed point in the set of continuous functions on [0, T] . This completes the proof of Theorem 3. D REMARK. The problem (14) is similar to the initial value problems considered in the papers [1, 2, 6] . The direct application of the uniqueness condition from [6] to the problem (14) leads us to the assumption where Li = max{.£,•(<)}, i = 1, 2, ..., r, and / is a positive number.
Thanks to the applied method, the uniqueness condition in our paper is clearly better than (19). It is noteworthy that the uniqueness of solution of (14) does not depend on the coefficients £,-(<), i -1, 2, ..., r, but on L r+ i(t) only.
